Abstract-For the conventional three-node amplify-andforward (AF) relaying setup, we investigate the effect of imperfect channel state information (CSI) at the relay on the overall performance. In particular, we consider variable gain (a.k.a, CSIassisted) AF relaying and derive expressions for the outage and the error probability for the case where the relay gain is adjusted based on outdated estimates of the source-relay channel, when operating over Nakagami-m fading. For the case of Rayleigh fading in the source-relay link, we show that the results can be extended to the versatile case of imperfect CSI, where the estimation error is caused either by additive white Gaussian noise or by quantization noise. The obtained expressions are functions of the correlation coefficient between the actual sourcerelay channel and its corresponding estimate. We also optimize the power allocation for minimization of the outage probability under a total transmit power constraint. Numerical results reveal a considerable degradation of the overall performance, when CSI acquisition is not perfect. Moreover, it is shown that the average relay transmit power is affected when the CSI is outdated, a fact which impacts the design of variable gain relaying in practice. Since outdated CSI leads to fluctuations of the relay transmit power, we derive expressions for the complementary cumulative distribution function (CCDF) of the peak-to-average-power ratio (PAPR) at the relay. By comparing the error probability and the CCDF of the PAPR of variable gain relaying with those of fixed gain relaying, we shed some light onto the following question: How reliable has the instantaneous CSI at the relay to be for variable gain relaying to be preferable over fixed gain relaying, which requires only statistical CSI? Index Terms-Wireless relaying, imperfect channel estimation, Nakagami-m fading, outage and error probability, peak-toaverage power ratio (PAPR).
On the Effect of Outdated Channel Estimation in
Variable Gain Relaying: Error Performance and PAPR I. INTRODUCTION W IRELESS relaying technology is included in the standards of future wireless networks, such as the Long Term Evolution-Advanced (LTE-A) system, due to a number of advantages that it promises in terms of system coverage and performance [1] . By using relays, terrestrial networks are able to extend their coverage to distant areas. The distributed nature of wireless relaying allows to combat not only smallscale fading, as conventional diversity techniques do, but also large-scale fading.
Amplify and forward (AF) relaying, which refers to simple amplification and forwarding of the information sent from a source terminal to a destination terminal, is considered to be the simplest implementation of wireless relaying in practice, since no other form of processing at the relay is required. Among the several variations of AF relaying, the most common one is so-called variable-gain relaying (VGR) 1 , where the gain employed at the relay compensates the fading of the source-relay link, aiming at maintaining a constant relay transmit power. In order to do so, the relay has to monitor the source-relay channel, such that the amplification gain can be adjusted according to the obtained channel state information (CSI). In this respect, the majority of the works in the literature assume perfect CSI acquisition (see, e.g., [2] - [5] and the references therein). Of particular interest is the work in [5] , where it was shown that the gain policy that compensates for the source-relay channel leads to optimal performance of AF VGR, provided, however, that the CSI available at the relay is perfect.
In this paper, we study the effect of outdated channel estimation at the relay in a typical dual-hop (three-node) AF VGR system, operating in Nakagami-m fading channels. Here, the term "outdated" refers to the case where the CSI is correct at the time of estimation, but corresponds to a different channel realization than the channel realization at the time it is used (see, e.g., [7] ). As a result, outdated CSI pertains to a subset of the practical scenarios that are associated with the versatile term "imperfect" CSI. In this regard, we show that, for Rayleigh fading in the source-relay link, our analysis can be extended to the cases where the estimation error is caused by additive white Gaussian noise (AWGN) or by quantization noise, covering thus a wide range of practical scenarios of imperfect CSI at the relay.
It is noted that this is not the first time that outdated CSI is considered in the context of wireless relaying [7] - [15] . However, the works [7] - [12] examine the effect of outdated CSI on various relay selection schemes (e.g., best, opportunistic or partial) in multiple-relay systems, where the outdated CSI causes potentially suboptimal relay selection. The effects of outdated CSI on two-way relaying and beamforming are studied in [13] and [15] , respectively. Nevertheless, although the CSI used for relay selection is outdated, these works inherently assume both the selected relay and the destination have perfect CSI.
Here, we relax the above assumption of perfect CSI at both the relay and destination. We ground our argument on the fact that the channel estimation is typically realized by using pilot symbols transmitted periodically by the source, where the pilot insertion period depends on the channel coherence time of the end-to-end channel. The source-relay channel estimate at the relay is needed only to set its gain G [2] . In order to conserve energy and to reduce complexity, the relay may estimate the source-relay channel infrequently, i.e., the channel estimation rate at the relay may be insufficient to capture some rapid source-relay channel fluctuations. Thus, although the relay may actually estimate the channel perfectly, these estimates may be outdated by the time they are used to amplify the incoming signal samples, because the actual source-relay channel may change rapidly between two successive channel estimates. In addition, it is also possible that the relay acquires imperfect CSI in cases where the CSI of the source-relay link is fed back to the relay from another terminal which could be, for instance, a central unit with global CSI knowledge. In such case, the relay may obtain limited feedback CSI, which suffers from quantization noise 2 . Consequently, in the above scenarios the relay's gain G is set to a value that does not perfectly compensate the source-relay channel. This imperfect CSI at the relay does not necessarily affect the quality of channel estimation at the destination, as highly accurate (perfect) channel estimates are necessary for ideal coherent demodulation, as well as some higher layer functions, such as scheduling. Thus, the destination may update its CSI estimation more frequently than the relay.
The level of CSI imperfection at the relay is quantified through the power correlation coefficient between the actual and the estimated channel values, ρ. The performance metrics considered in this work are the end-to-end outage probability (OP), the average bit error probability (ABEP), and the complimentary cumulative distribution function (CCDF) of the peak-to-average-power ratio (PAPR) at the output of the relay. It is noted that, as far as we are aware, this is the first time that the latter metric is used for the analysis of AF relaying schemes with imperfect CSI at the relay 3 . Our motivation behind using this metric is that, contrary to VGR schemes with perfect CSI, the relay transmit power in VGR experiences fluctuations when the CSI used for calculation of the relay gain is imperfect. The CCDF of the PAPR can be thus used to obtain the probability with which the power amplifier at the relay operates in its non-linear region, therefore distorting the output signal (see, e.g., [6] ).
Apart from VGR, a common technique adopted in the literature is so-called fixed-gain relaying (FGR). In FGR, the relay gain is based only on the statistical (i.e., long-term) CSI of the source-relay channel, instead of the instantaneous CSI, rendering FGR a simpler alternative to VGR. By its nature, VGR has an advantage over FGR if the CSI is perfect, since on the one hand, it has a unit PAPR, and on the other hand, it results in lower outage and error probabilities [19] . What happens, however, when the CSI at the relay is outdated? One would expect that the advantage of VGR over FGR is lost when the CSI is not reliable. Indeed, our results show that there exists a correlation coefficient threshold, below which FGR outperforms VGR. This threshold exists not only for the outage and error probabilities, but also for the CCDFs of the PAPR. Hence, considering the relative simplicity of FGR, the above results shed some light onto which relaying scheme is preferable in scenarios where the CSI at the relay is outdated, yet its reliability is known. 
Here, E · denotes expectation.
A. Case of Outdated CSI
Let us assume that the relay uses pilot symbols to estimate the time-varying S-R channel, but it repeats the estimation process not frequently enough to prevent channel samples from being outdated. Then, the relay's amplification factor G is set based on an outdated estimate of α, denoted byα. That is,
where N 0 is the AWGN power, which is assumed identical for all links, and E S is the source's transmit power. In (1), E R is a constant that equals the relay's transmit power when the CSI at the relay is perfect. As shown later in Section IV, the relay's transmit power under outdated CSI does not necessarily equal E R . Furthermore,α is an accurate channel estimate at the sampling instant, but it is already outdated when applied for setting G, due to the timevarying nature of the S-R channel [7] , [8] , [14] . Thus, α and α have identical statistical parameters; their correlation is a function of the estimation repetition rate and the maximum Doppler frequency of the S-R channel. Consequently, α and α follow the Nakagami-m distribution with identical shape parameter mX = m X and identical mean squared value E α 2 = E α 2 = Ω X . The power correlation coefficient between α andα is denoted by ρ.
Using pilot symbols sent by the source and forwarded by the relay, the destination is assumed to perfectly estimate the endto-end channel, performing thus ideal coherent demodulation. The instantaneous SNR at D is given by
Combining (1) and (2) and neglecting the N 0 term, we obtain
where
4 Parameter Γ 0 is referred to as the transmit SNR. We note that Eq. (3) is actually an upper bound on the instantaneous SNR at D, yielding performance bounds on the ABEP and OP derived in Section III. This approximation is commonly used in the literature (see e.g. [3] , [9] ), since, as shown in Section VII, it yields highly accurate results, especially in the medium and high SNR region.
Random variables (RVs) X,X, and Y follow Gamma distributions with shape parameters m X , mX , and m Y , respectively, and scale parameters E X = Ω X /m X , E X = ΩX /mX , and E Y = Ω Y /m Y , respectively. Their probability density functions (PDFs) and cumulative density functions (CDFs) are given by Since mX = m X and Ω X = ΩX , owing to the outdated CSI assumption, the joint PDF of X andX is given by [20, Eq. (126) ] 
B. Case of Gaussian Estimation Error
Let us now consider the case of Rayleigh fading in the S-R link. Here, we show that the analysis based on the outdated CSI model presented above can also accommodate scenarios where the channel estimation error at the relay is caused by AWGN or by quantization noise.
Let us express the estimate of channel c X ,ĉ X , asĉ X = c X + e, where c X is a complex Gaussian RV and e denotes the estimation error. For scenarios where e represent AWGN or quantization noise, e is also a complex Gaussian RV with zero mean and variance σ 2 e [26] . In case of noisy estimation, σ 2 e equals the AWGN power; in case of quantized CSI, σ 2 e is determined by the distortion-rate function for a given rate [26] .
The power correlation coefficient betweenĉ X and c X is derived as
Contrary to the outdated CSI model considered in Section II-A, E |ĉ X | 2 for the case of Gaussian estimation error does not equal E |c X | 2 . However, it is emphasized that the analysis assuming the outdated CSI model can still be applied by rewriting (3) as
A practical interpretation of this observation is summarized in the following Proposition.
Proposition 1: For medium and high SNRs and Rayleigh fading in the S-R link, the VGR scheme with Gaussian estimation error at the relay (Scheme 2) is equivalent to the VGR scheme with outdated CSI at the relay (Scheme 1). However, when the relay gain for both schemes is set as in (1), Scheme 2 employs a (statistically) lower relay gain than Scheme 1. Consequently, the performance of Scheme 2 can be derived directly from the model used for Scheme 1, by applying a scaling factor ρ in (1), where ρ is given in (7); or equivalently, by replacing Ω Y in Scheme 2 with ρ Ω Y .
Proof: For the case of Rayleigh fading in the S-R link,ĉ X and c X are both zero-mean complex Gaussian RVs. The proof then follows directly from (3) and (8) , by letting E X 1 = E X 1 = Ω X and E Y 1 = ρ Ω Y , in conjunction with the fact that the correlation betweenX 1 and X 1 is identical to the correlation betweenX and X sinceX 1 is a scaled version ofX.
III. PERFORMANCE ANALYSIS
The analysis presented below gives lower bounds for the OP and ABEP of the considered three-node VGR system. As demonstrated in Section VII, these bounds are highly accurate approximations for moderate and high transmit SNRs.
A. Lower Bound on Outage Probability
The considered system experiences an outage when the instantaneous SNR γ at the receiver at D drops below some predefined outage threshold γ th . The OP equals the CDF of Z evaluated at δ = γ th /Γ 0 , i.e.,
By following two different approaches, we derive two alternative expressions for the CDF of Z, referred to as CDF form I and CDF form II. Although having different analytical forms, both expressions produce the same numerical value for a given set of input parameters.
1) CDF form I:
Based on straightforward probability theory, the CDF of Z can be expressed as
By noting that Y ≥ δX X−δ is always true when X ≤ δ, (10) yields CDF form I
where F Y (·) and f XX (·) are given by (5) and (6), respectively.
2) CDF form II: Alternatively to (11), the CDF of Z can be expressed as
By differentiating (12) with respect to (w.r.t.) δ and after a simple change of variables, we obtain
(13) Assuming m Y is a positive integer, after the application of (4) and (6) 
where (14), we obtain
Next, we integrate (15) w.r.t. δ and obtain the CDF form II,
Note that CDF form II, given by (16) , is simpler to use since it requires only a single numerical integration, whereas CDF form I, given by (11), requires a double numerical integration. However, both CDFs are required later for the asymptotic performance analysis of the system under different fading conditions.
B. Lower Bound on Average Error Probability
We now derive a tight lower bound for the ABEP for those modulation formats whose conditional BEP has the analytical form
Depending on the choice of a and b,the above analytical form is applicable for binary/quadrature phase shift keying (BPSK/QPSK), frequency shift keying (FSK), and Mary quadrature amplitude modulation (M-QAM) and coherent demodulation [27] . Using the approach presented in [28] , the ABEP is determined bȳ
Introducing (16) into (17), we obtain the following expression for the ABEP lower bound, (17) into two integrals, corresponding to the two terms in the square brackets of (16) . The first integral equals a/2, which is the minuend in (18) . This closed-form solution is obtained by changing the orders of integration and summation, where the sum with respect to the summation index n is solved by applying the binomial formula [25, Eq. (3.1.1)], and then the integral is solved in closed-form by applying [22, Eq. (3.194-3) ]. The subtrahend of (18) is obtained by exploiting the following formula: 
IV. PAPR ANALYSIS
For perfect CSI, the main advantage of the AF relay gain shown in (1) is that it ensures a constant relay transmit power 5 . When the CSI at the relay is outdated, however, its ability to invert the attenuation caused by the S-R link is impaired, resulting in larger fluctuations of the relay transmit power. Below, we quantify these fluctuations of the relay transmit power through the well-known crest factor, which is also known as the PAPR [32] , [33] . The PAPR, U , is defined as U = P R /(E P R ), where P R is the relay's transmit power for given G, and E P R is the mean transmit power of the relay. Hence, the relay's ability to maintain constant transmit power is reflected in the statistics of the PAPR. The cases of VGR and FGR are considered separately.
A. VGR
It follows from (1) that the relay output power is given by 
and n (·) denotes the exponential integral, defined as n (z) =
This implies that, when the relay gain in a VGR application with oudated CSI is set as if perfect CSI was available, the relay's average transmit power is higher than expected. This fact should be taken into account when the performance of 5 In fact, the signal at the input of the relay experiences two types of fluctuations, caused by small-scale fading and noise. Here, by "constant" we refer to the absence of fluctuations caused by small-scale fading, since these fluctuations are compensated by the gain in (1).
VGR with outdated CSI is compared with that of other relevant schemes. The PAPR for VGR is obtained from (20) and (21) as
It is worth noting here that (23) applies to both cases of outdated CSI and Gaussian estimation error. This observation follows directly from (23) and Proposition 1. For this reason, in the sequel we refer to the PAPR performance of the cases of VGR with outdated CSI and Gaussian estimation error simply as PAPR performance of VGR. It follows from Proposition 1 that E V GR R for the case of Gaussian estimation error is obtained from (21) , by setting m X = 1 and applying a correction factor ρ.
A typical measure for quantifying the fluctuations in the relay transmit power is the CCDF of U V G [32] ; that is, the probability that U V G exceeds a given value, denoted by ε. This is an important metric as it can be used to quantify the probability that a given power amplifier at the relay operates in its non-linear region, where signal distortion occurs [6] . From another perspective, schemes with high probability of the PAPR exceeding a given ε would require an amplifier with an extended linear region, increasing its cost. Although an exact study of the CCDF of U V G is cumbersome, for sufficiently high SNR, the term 1/Γ 0 can be neglected in both the numerator and denominator of (23), yielding a high SNR approximation of U V G , which is denoted here by U V G , and given by
Plugging (6) 
The CCDF of U V G is obtained from (25) as
It is noted that for the values of interest, i.e., ε > 1, (26) represents an upper bound on the CCDF of the exact PAPR, U V G , since for any ε > 1, X >X holds, hence U V G > U V G holds as well. Numerical examples of the performance of VGR with outdated CSI, in terms of the CCDF of the PAPR at the relay output, are provided in Section VI.
B. FGR
There are two common variations of FGR: The so-called "semi-blind" FGR, which employs a relay gain which equals the average value of the gain employed by VGR [34] , [35] ; and the so-called average power scaling (APS) FGR, where the fixed gain is selected as in (1) withα 2 replaced by its mean, Ω X [36] . The PAPR for these two variations of FGR is studied below.
1) Semi-Blind FGR:
The relay gain in semi-blind FGR is given by [34] , [35] 
The relay transmit power is expressed as
By averaging over the distributions ofX and X, given in (4), we obtain E P R as
We notice from (29) that E P R > E R , implying that the parameter E R used for the relay gain in the semi-blind FGR scenario does not correspond to the relay's average transmit power, but to an underestimation of it. This fact should be taken into account when semi-blind FGR is compared with other relevant schemes.
The PAPR for semi-blind FGR is obtained from (28) and (29) as
Considering the fact that X is Gamma distributed, the CCDF of U F GSB is derived from (30) and (5) as
2) APS FGR: For the case of APS FGR, the relay gain is given as [36] , [37] , [38] 
leading to the following expression for the relay transmit power
It is easy to notice from (33) that E P R = E R , i.e., the relay's average transmit power equals E R . Consequently, the PAPR for APS FGR is also given by (30).
3) On the FGR Variations:
Interesting observations can be made regarding the PAPR and the relay's average transmit power of semi-blind and APS FGR. First, we notice that the PAPR for APS FGR is exactly the same as that of semiblind FGR. This result is in accordance with the intuition that, whichever fixed gain value the relay applies, the instantaneous and the average transmit power will be scaled by the same coefficient, hence the PAPR will be the same irrespective of the gain. Second, semi-blind FGR results in a higher average relay transmit power than APS FGR, which leads to better performance, as noted in the literature (see, e.g., [38] ). In fact, 
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the gain in semi-blind FGR is normalized such that it equals the average gain of VGR; the gain in APS FGR is normalized such that the relay transmit power equals that of VGR. Hence if, for comparison purposes, the same relay transmit power is assumed for both cases, semi-blind FGR and APS FGR represent two different viewpoints of the same technique. For this reason, in the sequel, we use the term FGR to refer to both semi-blind and APS FGR.
C. Average Relay Transmit Power
For the reader's convenience, a summary of the results regarding the average relay transmit power for VGR with outdated CSI, VGR with Gaussian estimation error, semi-blind FGR, and APS FGR is provided in Table I. V. ASYMPTOTIC PERFORMANCE ANALYSIS AND POWER ALLOCATION The expressions derived Section III are not simple enough to provide insight into the performance of VGR with outdated CSI. To this end, below we concentrate on the asymptotic OP and ABEP, shedding some light on the system's asymptotic behavior when Γ 0 → ∞. These asymptotic expressions are then used for optimizing the power allocation of VGR with outdated CSI at the relay.
A. Asymptotic Performance Analysis
Next, we investigate the behavior of the CDF expressions derived in Section III-A at infinitesimally small arguments. Such assumption is equivalent to the high SNR assumption, since for some fixed γ th , Γ → ∞ implies δ → 0. 1) Case m X > m Y : For this case, the asymptotic analysis is based on the CDF form I, given by (11) , which, by neglecting the summand δ that appears in the joint PDF f XX (·, ·), can be alternatively written for δ → 0 as
(34) Since δ → 0, for some fixed value of v/u, the CDF of Y that appears in the integrand of (34) can be approximated by using only the first two terms of the power series expansion of the incomplete Gamma function Γ(·, ·) [25, Eq. (6.5.29)], as
as t = δy/x → 0. Using the same approximation as in (35) , the first summand of (34), F X (δ), can be ignored because it decays as δ mX , and thus has a steeper slope compared to the second summand. Applying (35) in the double integral in (34), we obtain 
where 
where (·)!! denotes the double factorial of its argument.
2) Case m X < m Y :
In this case, the asymptotic analysis is based on the CDF form II, given by (16) . As δ → 0, the expression in the last line of (16) is approximated similar to (35) , yielding Γ(m X +n)−Γ(m X +n, t) ∼ t mX +n /(m X +n). Introducing this approximation into (16), we notice that δ has the smallest exponent for the summation index n = 0 (i.e., δ mX ), whereas the rest of the summation terms decay with steeper slopes w.r.t. δ. Thus,
The above integral can be solved in closed form by using [ 
The ideal channel estimation case at the relay is obtained by setting ρ = 1 in (41) 
which is valid for high transmit SNRs, i.e., Γ 0 → ∞.
In this case, the asymptotic analysis is based on the PDF of the CDF form II, given by (15) . Using partial fraction decomposition, the argument of the exponential function that appears in the integrand of (15) is rewritten as
The term in parenthesis in (43) is bounded as
which means that both the lower and upper bounds in (44) are independent from δ, and, consequently, the second term in (43) diminishes as δ → 0. Thus, the exponential function in (15) can be approximated as exp(−mδu/Ω X ), and the resulting integral is solved in closed form as 
where ψ(·) is the digamma function, defined in [25, Eq. (6.3.1)], and μ is Euler's constant.
Using (45) in (15), we obtain a double sum, where the index of the first sum, n, runs from 0 to m and the index of the second sum, k, runs from 0 to m+n. At first glance, one could consider neglecting the summation terms for values of n from 1 to m, because they decay as δ m+n−1 whereas the remaining term (for n = 0) decays as δ m−1 . However, considering the approximation (46) for b > 1, we notice that, for n > 0 and values of k between m + 1 and m + n, parameter δ appears as δ m+n−2 , δ m+n−3 , ..., δ m−1 . Thus, the smallest exponent of δ appears for k = m + n, and, for each n > 0, a single term of the other sum should be kept in the approximation (k = m + n). Consequently, (15) is approximated for δ → 0 as
By noting that the second argument of the Tricomi functions in (47) is smaller than or equal to one, we apply (46) in (47) for the cases b = 1 (i.e., k = m) and b < 1 (i.e., k = 0, ..., m − 1) to obtain the asymptotic CDF of Z as
The case of perfect CSI is obtained by setting ρ = 1 in (48), in which case we keep only a single term in each of the summations (k = 0 and n = m) and apply the known limit lim u→0 u m log(u) = 0. Thus, (48) reduces to
which is a well known asymptotic expression [30, Eq. (4)].
The case of Rayleigh fading is obtained by setting m = 1 in (48), yielding the asymptotic CDF of Z
(50) Applying (48) in (17) 
B. Power Allocation
Here, we propose a simple power allocation strategy that minimizes the OP of dual hop AF relaying with outdated CSI, under constraints on the total transmitted power. For the sake of simplicity and analytical tractability, the power allocation is based on the asymptotic expressions derived in Section V-A. Such approach follows other works on optimal power allocation for AF relaying with perfect CSI, such as [39] , [40] , and [41] , which are also based on asymptotic outage probabilities. It is emphasized, however, that the effect of optimal power allocation in our scheme is different than that in these works. This is because, as opposed to the case of perfect CSI, imperfect CSI at the relay causes imperfect inversion of the S-R channel which renders the power allocation disproportionate to the conditions of the S-R and R-D links. It is further noted that since the derived approximations are tight in the moderate and high SNR regime, as illustrated in Section VI, the proposed approach yields a tight approximation of the optimal power allocation in the aforementioned SNR region. Below, we focus on the case of m X = m Y = m; a similar analysis can be conducted for the cases of m X > m Y and m X < m Y .
Our goal is to allocate the source transmit power, E S = E * S , and the relay's average transmit power, E V GR R = E * R , so as to minimize the asymptotic OP given by (48). The constraint in our optimization problem is on the total power budget E T , i.e., E S + E V GR R = E T , with the second summand given by (21) . Note that further constraints can also be imposed (such as individual transmit power constraints for the source and the relay), but this would obscure the analysis of the achievable performance improvements.
We use variable a to parameterize the transmit powers of the source S and the relay R w.r.t. the total power budget E T , such that E S = aE T and E
Introducing these terms into (2) and (1), the instantaneous SNR at the input of destination D is given by
Thus, the objective function is the asymptotic OP of the considered system, P out , which is given by (48) with δ replaced by γ th /Γ T , Ω X replaced by a Ω X , and Ω Y replaced by (1−a) Ω Y /Ψ. We need to find the optimal value of a = a 0 that minimizes P out subject to the condition 0 < a 0 < 1. 1) Case m ≥ 2: An analytical expression for the exact a 0 is cumbersome to derive, since Ψ depends on E T according to (21) . Still, for the case m ≥ 2, there is a relatively simple solution yielding close to the optimal a 0 . Based on [25, Eq. (5.1.19)], Ψ can be bounded as
where the upper bound is tight for high transmit SNRs. We can determine a 0 for minimization of P out when Ψ is selected according to the upper bound of (53), i.e., Ψ = Ψ 0 = (m − ρ)/(m − 1). It can be shown that the second derivative of P out w.r.t. variable a is always larger or equal to zero, indicating that P out is a convex function w.r.t. variable a, and has a unique minimum value provided a is in the range between 0 and 1. The value a = a 0 that minimizes P out is obtained by setting the first derivative of the objective function w.r.t. variable a equal to 0, yielding the transcendental equation,
Then, the source transmit power and the relay's average transmit power are obtained as E * S = a 0 E T and E * R = (1 − a 0 )E T , respectively. These values are close-to-optimal for high transmit SNRs.
Note that the above approach can also be applied for moderate transmit SNRs, because a 0 obtained from (54) assures that the power constraint,
We now multiply both sides of (54) by (1−ρ) m and let ρ → 1 in order to obtain the perfect CSI case. In this case, the lower and the upper bounds of (53) coincide, and a simple closedform solution for the optimal power allocation is obtained as m ≥ 2. Instead, it is possible to apply some suitable convex optimization method to determine the a 0 that minimizes P out [42] . These methods are readily implemented in standard computation software tools, such as Mathematica. The lower ABEP bounds (full lines) were generated using (18) , except for the ideal CSI case of ρ = 1 where [24, Eq. (9)] was used. One observes a close correspondence between simulations and the ABEP bound, particularly for medium and high transmit SNRs, which validates our SNR approximation in (3) . It is observed also that outdated CSI at the relay (ρ smaller than one) introduces a considerable performance degradation. However, such degradation is reflected only in a shift of the ABEP curves (i.e., loss in SNR), yet without affecting their asymptotic slopes.
VI. NUMERICAL EXAMPLES AND DISCUSSION
The case of imperfect CSI at the relay with Gaussian estimation error is considered in Fig. 2 . We observe a similar ABEP performance as in the outdated CSI case, which is expected since the model for the Gaussian estimation error case is practically another viewpoint of the model that describes the outdated CSI case (see Section II-B). The accuracy of the analytical lower bounds for the ABEP is confirmed by simulations. For Gaussian estimation errors, for the extreme case where σ 2 e is large compared to Ω X , the ABEP performance is severely degraded. This result follows from (7) and Proposition 1: Large values of σ 2 e result in small values of ρ, which in turn result in a severe degradation of the average G value. Note that this observation is in contrast to the outdated CSI case, where the average value of G is independent of ρ, hence the ABEP dependence on ρ is relatively low. A comparison between VGR with outdated CSI and FGR, in terms of the ABEP, is presented in Fig. 4 . In particular, the ABEPs for VGR and FGR are plotted versus the value of ρ. For a fair comparison, using Table I , the E R values used for VGR with outdated CSI and FGR were normalized such that the relay transmit power is the same for both schemes. The ABEP for FGR, which is by definition independent of ρ, was obtained from [4, Eq. (11) Table I . It is observed that there exists a threshold value such that for values of ρ smaller than this threshold VGR leads to inferior performance compared to FGR. The higher the value of the transmit SNR, Γ 0 , the larger this threshold value for ρ.
For illustrating a more practical aspect of the comparison between VGR and FGR in terms of ABEP, let us consider the case where a source terminal moves at the speed of 50 km/h and transmits at a carrier frequency of 2.4 GHz, resulting in a maximum Doppler frequency of f d ≈ 100 Hz. The corresponding correlation coefficient between X andX is obtained via Jakes' model [31] as ρ = J Fig. 5 the ABEP performance of FGR and the direct communication link between source and destination (where no relaying takes place) is also presented. For a fair comparison between VGR anf FGR, the relay transmit power of FGR is set equal to that of VGR with outdated CSI. It is shown that, in order for VGR to outperform FGR, the CSI has to be updated at least every 1.35 msec, for transmit SNRs of 20dB and 25dB.
Figs. 6 and 7 portray the performance improvements in VGR with outdated CSI when the available power budget E T (or, equivalently Γ T ) is optimally allocated between the source and the relay. We assume the system operates under Nakagami-m fading with m X = m Y = 2, and the optimal powers are allocated according to the transcendental equation For these scenarios, Fig. 6 depicts the impact of ρ on the system's OP. For decreasing ρ, we can clearly see that the influence of CSI imperfection is significant, and leads to some degradation of the OP performance. Compared to the case of equal power allocation (a 0 = 0.5), the OP improvement with optimal power allocation is much more pronounced when the S − R link is stronger than the R − D link. Fig. 7 depicts the influence of the total available power budget on the OP performance of the considered system for optimal and equal power allocation, respectively, when ρ = 0.7. The case of perfect CSI and optimal power allocation (dotted lines) is obtained using (55) and serves as a reference, where the curves for statistically asymmetric links coincide due to the symmetry of (55). Fig. 7 portrays the significant performance degradation when the CSI is outdated. Compared to equal power allocation, we again notice a significant power gain (of several dBs) for optimal power allocation when the S-R link is statistically ten times stronger then the R-D link. If both links are statistically equal or the R-D link is stronger, the system's performance does not benefit as much from optimal power allocation. The general conclusion from Fig. 7 is that when the CSI at the relay is outdated, the effect of power allocation is different than in the case of perfect CSI. In particular, it is noticed that since the source-relay channel is not perfectly compensated by the relay gain when the CSI at the relay is outdated, the performance improvement due to power allocation is higher for the case when the S-R channel is stronger than the R-D channel, compared to the case when the S-R channel is weaker than the R-D channel. (26) . Dotted lines correspond to FGR, and were generated from (31) . The simulated CCDF of the PAPR for VGR is also depicted, for transmit SNR Γ 0 =15 dB and Γ 0 =20 dB, showing convergence to the upper bound for high SNRs. As expected, we notice a considerable increase in the probability of exceeding a certain value of PAPR for the VGR case, as ρ decreases. For interpreting this result, let us consider the following example. Suppose that the linear region of the relay amplifier extends up to ε = 4 dB units higher than the ideal operation point. For perfect CSI (ρ = 1), the probability of exceeding the linear region tends to zero. However, for ρ < 1 the probability of exceeding the linear region and thus distorting the output signal becomes non-zero, such that, for ρ =0.8 there exists 2% probability of exceeding the linear region, while for ρ =0.2 this probability is about 8%. The latter fact implies that the reliability of the CSI at the relay is crucial for ensuring that the amplified signal is not distorted. From another viewpoint, if the CSI at the relay is not reliable enough one needs an amplifier with extended linear region, increasing thus its cost.
Finally, a comparison between VGR with outdated CSI and FGR, in terms of the CCDF of the PAPR, is shown in Fig. 9 . Similarly to the comparison in terms of the ABEP, we notice that there exists a correlation coefficient threshold, ρ 0 , such that for ρ < ρ 0 the CCDF of the PAPR is higher for VGR than for FGR. The higher the ε value of interest (equivalently, the larger the linear region of the power amplifier at the relay), the higher ρ 0 . Therefore, Fig. 9 , in conjunction with Fig. 4 , sheds some light on the required reliability of the CSI at the relay such that VGR is preferable over FGR.
VII. CONCLUSION
When the gain used for channel compensation in AF variable gain relaying (a.k.a. CSI-assisted relaying) is based on imperfect CSI, the overall performance is considerably impaired. The performance degradation is the larger the lower the correlation between the actual and the estimated sourcerelay channel, yet such performance degradation does not affect the slope of the outage and error probability curves. This conclusion was drawn from a performance analysis for outdated CSI at the relay. Nevertheless, it was shown that the same analysis can also accommodate the case of Gaussian CSI errors at the relay. It was further observed that, depending on the maximum Doppler frequency, variable gain relaying requires frequent updates of the source-relay channel in order to outperform its less complex counterpart, that is, fixed gain relaying. Our investigation also included an analysis of the peak-to-average-power ratio for variable and fixed gain relaying, revealing that the probability of exceeding the amplifier's linear region (and thus causing signal distortion) can be higher for variable gain relaying, if the CSI at the relay is not reliable enough. An optimal power allocation analysis was also conducted and showed that the performance of AF relaying with outdated CSI at the relay can be substantially improved by appropriately dividing the power between the source and the relay terminal.
